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Study of thermal stability for different dark energy models
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In the present work, we have made an attempt to investigate the dark energy possibility from the
thermodynamical point of view. For this purpose, we have studied thermodynamic stability of three
popular dark energy models in the framework of an expanding, homogeneous, isotropic and spatially
flat FRW Universe filled with dark energy and cold dark matter. The models considered in this
work are Chevallier-Polarski-Linder (CPL) model, Generalized Chaplygin Gas (GCG) model and
Modified Chaplygin Gas (MCG) model. By considering the cosmic components (dark energy and
cold dark matter) as perfect fluid, we have examined the constraints imposed on the total equation
of state parameter (wT ) of the dark fluid by thermodynamics and found that the phantom nature
(wT < −1) is not thermodynamically stable. Our investigation indicates that the dark fluid models
(CPL, GCG and MCG) are thermodynamically stable under some restrictions of the parameters of
each model.
PACS numbers: 98.80.Hw, 98.80.Jk, 98.80.Cq, 05.70.Ce.
Keywords: dark energy, dark matter, Thermal stabil-
ity, Thermodynamical parameters.
I. INTRODUCTION
During the past two decades, many cosmological
observations [1–7] have confirmed that our Universe
is undergoing an accelerated expansion phase. In
the Einstein theory of gravity, dark energy (DE), a
hypothetical exotic fluid, might be responsible for the
presently observed accelerated expansion phase of the
Universe (for review, see Ref. [8]). In this context,
various DE models have been proposed to match with
observed data and the ΛCDM (Λ-Cold-Dark-Matter)
model is the most simplest one in this series. Despite the
great success of ΛCDM model, it suffers from two serious
theoretical problems, namely the cosmological constant
[9, 10] and the cosmic coincidence [11] problems. This
clearly motivates people to go deeper into theory for a
better understanding of the unknown nature of the DE
component.
As is well known, the thermodynamical study of DE
is a powerful apporoach for a better understanding of
the unknown nature of the DE component (for details,
see Refs. [12–19]) and thermodynamical aspects are
important in this respect. Based on experimental evi-
dences, thermodynamical laws are applicable to different
macroscopic systems. However, any thermodynamical
process (in contrast to classical mechanics or electromag-
netism) does not allow numerical values rather it sets
limits on the physical system. So it is expected that the
thermodynamic study of the cosmic fluid may unveil the
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unknown nature of the content of the Universe. Barboza
et al. [12] initiated such investigation by analyzing both
thermal and mechanical stability of DE fluids. The
result of their study are in contradiction with the ob-
servational data from the Type Ia Supernova, BAO and
Hubble parameter measurements and they concluded
that the DE fluid models are not thermodynamically
stable. Recently, Bhandari et al. [13] have applied
the thermodynamical laws and the stability criteria
for interacting DE models and there by they are able
to impose bounds on the equation of state parameter
and constrain the phenomenological interaction term.
The present work is an extention of it. Here attempts
have been made to examine the thermal stability of
three known DE models based on the constraints
imposed in [13]. The models considered in this work
are Chevallier-Polarski-Linder (CPL) model [20, 21],
Generalized Chaplygin Gas (GCG) model [22–24] and
Modified Chaplygin Gas (MCG) model [25]. Our study
shows that the DE fluid models are thermodynami-
cally stable under some restrictions of model parameters.
The rest of this paper is organized as follows. In
section II, we have discussed the thermodynamic aspects
of different dark energy models in the framework of a
spatially flat FRW Universe. Then thermodynamical
stability criterion for those models have also been ob-
tained. The discussions and conclusions are summarized
in section III.
Throughout the paper, we have used the units in which
8piG = c = 1.
II. THERMODYNAMIC ASPECTS OF
DIFFERENT DARK ENERGY MODELS AND
STABILITY CRITERIA
For a homogeneous, isotropic and spatially flat FRW
Universe, the Einstein’s field equations for the dark flu-
2ids, consisting of dark matter (DM) and dark energy
(DE), take the following form
3H2 = ρd + ρm (1)
2H˙ + 3H2 = −pd − pm (2)
with energy conservation equations
ρ˙d + 3H(1 + wd)ρd = 0 (3)
ρ˙m + 3H(1 + wm)ρm = 0 (4)
where (ρd, pd, wd =
pd
ρd
) and (ρm, pm, wm =
pm
ρm
) are the
energy density, pressure and the equation of state (EoS)
parameter of the DE and DM components, respectively.
Also, H = a˙
a
indicates the Hubble parameter, a(t) is
scale factor of the Universe and an an overdot (·) denotes
differentiation with respect to the cosmic time t. Now
the above two fluids can be combined as a single fluid
having total or effective energy density ρT = ρd + ρm,
total pressure pT = pd + pm and total EoS parameter
wT = (wdΩd + wmΩm). Here Ωd =
ρd
3H2 and Ωm =
ρm
3H2
are the density parameters of the two dark sectors (DE
& DM). However, in the present work, we have chosen
cold dark matter, i.e., wm = 0 . As a result, we have
ωT = wdΩd and pT = pd. Thus the equations (1) and (2)
can effectively be written as
3H2 = ρT (5)
2H˙ + 3H2 = −pT (6)
Now, the total EoS parameter (with wm = 0), in general,
can be expressed in terms of H and a as
wT = wdΩd = −1−
a
dH2(a)
da
3H2(a)
(7)
From the view point of thermodynamic if the expan-
sion of the Universe is considered to be adiabatic and
reversible in nature then the energy conservation equa-
tion (first law of thermodynamics) takes the following
form
TdS = dIE + pT dV (8)
where, T , S and V denote the temperature, entropy
and volume of the cosmic system respectively. Also,
IE = V ρT is the internal energy of the cosmic system
and V = a3(t)V0 is the physical volume of the Universe
at a given time and the suffix ‘0’ indicates the value of
the corresponding variable at present epoch with a0 = 1.
Also, the fluid equation takes the form
d ln ρT + (1 + ωT )d ln V = 0 (9)
which is the energy conservation relation. Now, consid-
ering T and V as the basic thermodynamical variables,
we have obtained (for detailed calculations, see Ref. [13])
IE = I0
(
1 + ω0
1 + ωT
)
T
T0
(10)
If we consider V as a function of T and p, then the
variation in V can be obtained as
dV = V (αdT − κT dp) (11)
where α = 1
V
(
∂V
∂T
)
p
and κT = −
1
V
(
∂V
∂p
)
T
are known as
the thermal expansivity and the isothermal compressibil-
ity respectively. Similarly, the adiabatic compressibility
(κs) is defined by keeping S to be fixed as
κs = −
1
V
(
∂V
∂p
)
S
(12)
The relation among compressibilities and heat capacities
in isothermal and adiabatic thermodynamical scenarios
is given by [19]
κT
κs
=
Cp
Cv
(13)
where, Cp and Cv are termed as the heat capacity at
constant pressure and the heat capacity at constant
volume respectively.
The above thermodynamical parameters are related by
(for details, see Refs. [12, 13])
Cp =
(
∂(IE + pV )
∂T
)
p
=
(1 + ωT )IE
T
=
(1 + ω0)I0
T0
= constant (14)
Cv =
(
∂IE
∂T
)
V
=
Cp d lnV
{(1 + wT )d lnV − d lnwT }
(15)
α =
Cp
V ρT (1 + ωT )
[
dωT
ωT {dωT − ωT (1 + ωT )d lnV }
+ 1
]
(16)
κs =
d lnV
{(1 + ωT )d lnV − d lnωT }
κT (17)
κT =
αV
Cp
(18)
Thus, we can use the above relations to impose bounds
on the EoS parameter of the cosmic fluid. We shall
now discuss the thermal stability of the present sys-
tem assuming work done only due to the volume vari-
ation of the thermal system. For stable equilibrium, the
second order variation of the internal energy becomes,
δ2IE = δT δS − δp δV ≥ 0 [12, 19] . Now choosing (S, p)
or (T, V ) as the independent thermodynamical variables,
the variation term “δ2IE” can be obtained as
δ2IE = V κsδp
2 +
T
Cp
δS2 or δ2IE =
1
V κT
δV 2 +
Cv
T
δT 2
3Therefore, for stability of the system, the thermodynam-
ical parameters (Cp, Cv, κs, κT ) should be non negative
(i.e., Cp, Cv, κs, κT ≥ 0). The non-negativity of the ther-
modynamical parameters are studied from the above in-
terrelations and the corresponding results are given in
table I.
In the following, we shall consider three different DE
models and for each one we shall study the criterion for
thermodynamical stability.
A. Chevallier-Polarski-Linder (CPL) model
Firstly, we have considered CPL parametrization for
the DE EoS parameter [20, 21] which has been widely
used by all the recent cosmological observations to put
constrain on the cosmological parameters. In CPL
model, the EoS parameter is parametrized as
wd(a) = w0 + w1(1− a) (19)
where w0 represents the current value of wd(a) and w1
accounts for the variation of the EoS parameter with re-
spect to the scale factor a. From the infinite past (a = 0)
till the present epoch (a = 1), the EoS parameter varies
between w0 + w1 and w0.
The solution for ρd from equation (3) is obtained as
ρd(a) = ρd0a
−3(1+ω0+ω1)e−3w1(1−a) (20)
where, ρd0 is the present value of ρd(a). Similarly, the
solution for ρm from equation (4) is obtained as
ρm(a) = ρm0a
−3 (21)
where, ρm0 is the present value of ρm(a).
For this model, from equation (1), the Hubble expansion
rate can be obtained as
H2(z) = H20
[
Ωm0a
−3 +Ωd0a
−3(1+w0+w1)e−3w1(1−a)
]
(22)
with Ωm0 + Ωd0 = 1. Here, H0 is the Hubble parameter
at the present epoch, Ωm0 =
ρm0
3H20
and Ωd0 =
ρd0
3H20
are the
density parameters at the present epoch of the cold DM
and DE components respectively.
In this case, the expression for wT is obtained, using
equations (7) and (22), as
wT (a) =
w0 − 2 + w1(1− 3a)
3 + 3Ωm01−Ωm0 a
(w0+w1−2)e3w1(1−a)
(23)
B. Generalized Chaplygin Gas (GCG) model
It is well known that the energy density of the GCG
behaves as a cold DM in the past and as a cosmologi-
cal constant at present [22–24]. Motivated by this idea,
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FIG. 1: The evolution of wT is shown for CPL model by
taking Ωm0 = 0.315 from [26] and different values of the pa-
rameter pair (w0, w1). The black, red, green and blue curves
are for (−0.99, 0.03), (−0.9, 0.05), (−0.8, 0.01) and (−0.9,
−0.13) respectively.
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FIG. 2: The evolution of wT is shown for GCG model taking
Ωm0 = 0.315 [26] and different values of the parameter pair
(As, α). The black, red, green and blue curves are for (0.9,
−0.5), (0.8, −0.2), (0.7, −0.4) and (0.8, 0.5) respectively.
in this paper, we are interested to explain the late-time
evolution of the Universe produced by the GCG. For this
purpose, we have considered that the Universe contains
both the cold DM and the GCG. The EoS parameter of
the GCG is given by [22–24]
pd = −
A
ραd
, 0 < α ≤ 1 (24)
where A > 0. The case α = 1 corresponds to the original
chaplygin gas first introduced by Chaplygin [22]. Using
equations (3) and (24), one finds that the energy density
of the GCG evolves as
ρd(a) =
[
A+Ba−3(1+α)
] 1
(1+α)
(25)
where, B is an integration constant. Equation (25) can
be re-written in the following form
ρd(a) = ρd0
[
As + (1−As)a
−3(1+α)
] 1
(1+α)
(26)
4TABLE I: Conditions for Thermodynamical stability criteria. The corresponding expressions for wT are given in equations
(23), (28) and (32) for the CPL, GCG and MCG models, respectively.
Restriction on wT Condition for stability
wT < −1 unstable
wT > 0
dwT
da
<
3w2
T
a
or dwT
da
>
3wT (1+wT )
a
−1 < wT < 0
3wT (1+wT )
a
<
dwT
da
<
3w2
T
a
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FIG. 3: The evolution of wT is shown for MCG model taking
Ωm0 = 0.315 [26] and different values of the model parameters
(Bs, α, γ). The black, red, green and blue curves are for (0.9,
−0.5, 0.03), (0.7, −0.7, 0.23), (0.5, 0.3, 0.13) and (0.7, 0.7,
0.23) respectively.
where, As =
A
A+B and ρd0 = (A+B)
1
(1+α) is the
current value of the energy density of the GCG. It
deserves mention here that equation (24) will represent
a generalized polytropic gas if α < 0. To ensure the
finite and positive value of ρd we require −1 < α ≤ 1
and 0 ≤ As ≤ 1.
The Hubble parameter is now given by
H2 = H20
[
Ωm0a
−3 +Ωd0
(
As + (1−As)a
−3(1+α)
) 1
(1+α)
]
(27)
It is obvious that the GCG will behave like cosmological
constant Λ when we put As = 1.
For this model, wT evolves as
wT (a) =
Asa
3(1+α)fGCG(a)
1−As(1− a3(1+α))(−Ωm0 − fGCG(a))
(28)
where,
fGCG(a) = (1 − Ωm0)a
3
[
As + (1−As)a
−3(1+α)
] 1
1+α
.
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FIG. 4: Stability of the CPL model is shown by taking Ωm0 =
0.315 [26] and different values of the w0 and w1. The upper
panel is for w0 = −0.99 and w1 = 0.15, while the lower panel
corresponds to w0 = −0.99 and w1 = −0.13.
C. Modified Chaplygin Gas (MCG) model
Next, we have considered that the MCG plays the role
of DE. The MCG is characterized by the following EoS
parameter [25]
pd = γρd −
A
ραd
, 0 < γ ≤ 1 (29)
where γ, A and α are model parameters. It is clear that
the GCG model, as given in equation (24), is recovered
when the parameter γ is zero. On the other hand, if A =
0, the MCG model looks like a perfect fluid with constant
EoS parameter w = γ. Also, the MCG model mimics a
cosmological constant when α = −1 and A = 1 + γ.
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FIG. 5: Stability of the GCG model is shown by taking Ωm0 =
0.315 [26] and different values of the As and α. The upper
panel is for As = 0.9 and α = 0.5, while the lower panel
corresponds to As = 0.9 and α = −0.5.
Like the GCG, equation (29) will represent a modified
polytropic gas if α < 0. From Equation (29), one can
find that 0 ≤ Bs ≤ 1 and −1 < α ≤ 1 are required to
keep the finite and positivity of the MCG energy density.
The energy density for MCG takes the form
ρd(a) = ρd0
[
Bs + (1−Bs)a
−3(1+γ)(1+α)
] 1
(1+α)
, γ 6= −1
(30)
where, BS =
A
(1+γ)ρ
(1+α)
d0
. In this case, the Hubble pa-
rameter is given by
H2 = H20
[
Ωm0a
−3 +Ωd0
(
Bs + (1 −Bs)a
−3(1+γ)(1+α)
) 1
(1+α)
]
(31)
In this case, wT evolves as
wT (a) =
fMCG(a)
1−Bs(1− a3(1+α)(1+γ))
×
Bsa
3(1+α)(1+γ) − γ(1−Bs)
−Ωm0 − fMCG(a)
(32)
where,
fMCG(a) = (1−Ωm0)a
3
[
Bs + (1−Bs)a
−3(1+α)(1+γ)
] 1
1+α
.
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FIG. 6: Stability of the MCGmodel is shown by taking Ωm0 =
0.315 [26] and different values of the Bs, α and γ. The upper
panel is for Bs = 0.9, α = 0.5 and γ = 0.03, while the lower
panel corresponds to Bs = 0.9, α = −0.5 and γ = 0.03.
III. DISCUSSION AND CONCLUDING
REMARKS
As mentioned before, in the present work, we have in-
vestigated the thermodynamical aspects of three popu-
lar dark energy models (namely CPL, GCG and MCG
models) in the framework of an expanding, homogeneous,
isotropic and spatially flat FRW Universe filled with dark
fluids (cold DM and DE). As it is expected that the dark
fluid should reach the thermodynamic stability, so such
a requirement has been shown in table I for a general
wT . It is also evident from table I that the phantom
nature (wT < −1, leading singularity problems) of the
cosmic fluid is not thermodynamically stable. In figure
1, 2 and 3, we have shown the evolution of wT by assum-
ing different values of the model parameters for the CPL,
GCG and MCG models, respectively. Using the thermo-
dynamical stability criteria, given in table I, we have also
examined the stability graphically for each model. For
CPL model, we have shown the thermodynamical sta-
bility for different values of the parameter pair (w0, w1)
in figure 4. It has been found that for the CPL model,
the stability conditions hold for negative values of w1 (as
w0 is always negative). Similarly, for GCG and MCG
models, we have also shown the thermodynamical stabil-
ity for different values of the parameter pairs ((As, α) for
GCG model and (Bs, α, γ) for GCG model) in figure 5
6and 6, respectively. It has been found that the stabil-
ity conditions hold only for negative values of α for each
model. Thus the thermodynamical stability conditions
always hold for the generalized/modified polytropic gas
models (α < 0). We therefore conclude that the afore-
said models are thermodynamically stable under some
restrictions of model parameters.
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